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$EVWUDFW

:H GHVFULEH D WHFKQLTXH IRU pWWLQJ WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV XVLQJ VPRRWKLQJ
VSOLQHV� ZKLFK LQFRUSRUDWH D ?URXJKQHVV� SHQDOW\� $Q LQFUHDVH LQ WKH SHQDOW\ UHGXFHV WKH
HoHFWLYH QXPEHU RI SDUDPHWHUV� :H XVH JHQHUDOL]HG FURVV YDOLGDWLRQ WR FKRRVH DGDSWLYHO\
WKH SHQDOW\ DQG KHQFH WKH HoHFWLYH QXPEHU RI SDUDPHWHUV� :H VKRZ KRZ RXU WHFKQLTXH
FDQ EH XVHG WR VSOLQH DQ DUELWUDU\ WUDQVIRUPDWLRQ RI WKH GLVFRXQW IXQFWLRQ� XVLQJ D %�VSOLQH
EDVHV� 2XU 0RQWH &DUOR VLPXODWLRQV DQG HVWLPDWLRQ UHVXOWV VXJJHVW WKDW pWWLQJ D VPRRWKLQJ
VSOLQH WR WKH IRUZDUG UDWH FXUYH XVLQJ JHQHUDOL]HG FURVV YDOLGDWLRQ SURGXFHV WKH EHVW UHVXOWV�



� ,QWURGXFWLRQ

7KHUH KDV EHHQ FRQVLGHUDEOH HoRUW H[SHQGHG LQ VHDUFKLQJ IRU DQ DFFXUDWH DQG ZHOO�EHKDYHG

WHFKQLTXH IRU HVWLPDWLQJ WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV IURP D FURVV�VHFWLRQ RI FRXSRQ

ERQG SULFHV� 0F&XOORFK ����� DQG ����� ZDV WKH SLRQHHU LQ WKLV pHOG ZLWK D VSOLQH�EDVHG

HVWLPDWLRQ WHFKQLTXH EXLOW XSRQ D VLPSOH WKHRU\ RI ERQG SULFLQJ� 8QGHU WKH DVVXPSWLRQ WKDW

WKH SULFH RI D ERQG LV HTXDO WR WKH SUHVHQW YDOXH RI LWV IXWXUH FRXSRQ SD\PHQWV� 0F&XOORFK

SDUDPHWHUL]HV WKH SUHVHQW YDOXH IXQFWLRQ DV D FXELF VSOLQH DQG HVWLPDWHV WKH WHUP VWUXFWXUH

YLD VLPSOH OLQHDU UHJUHVVLRQ�

)ROORZLQJ 0F&XOORFK� 9DVLFHN DQG )RQJ ������� 6KHD ������� -RUGDQ ������� &KDPEHUV�

&DUOHWRQ DQG :DOGPDQ ������� DQG &ROHPDQ� )LVKHU� DQG ,EERWVRQ ������� DPRQJ RWKHUV�

H[WHQGHG WKH VSOLQH�EDVHG HVWLPDWLRQ WHFKQLTXH WR H[SORUH WD[�UHODWHG HoHFWV RQ ERQG SULF�

LQJ� WR FRQVLGHU GLoHUHQW SDUDPHWHUL]DWLRQV RI WKH VSOLQHV� DQG WR DQDO\]H SRWHQWLDO VRXUFHV

RI KHWHURVNHGDVWLFLW\ LQ WKH UHVLGXDOV� :LWK DOO WKH UHpQHPHQWV� VSOLQH EDVHG HVWLPDWLRQ

WHQGV WR JHQHUDWH DFFXUDWH ERQG SULFLQJ� EXW GRHV KDYH SUREOHPV SURGXFLQJ ZHOO�EHKDYHG

LPSOLHG IRUZDUG UDWHV� ,Q DGGLWLRQ� WKH FKRLFH RI ERWK WKH QXPEHU DQG SODFHPHQW RI WKH

NQRW SRLQWV IRU WKH VSOLQH FUHDWHV WKH SRWHQWLDO IRU DG KRF SDUDPHWHUL]DWLRQV� HVSHFLDOO\ DV

WKH VSOLQH FKDQJHV WKURXJK WLPH�

2WKHU DXWKRUV KDYH SXUVXHG DOWHUQDWLYH HVWLPDWLRQ WHFKQLTXHV EDVHG RQ SDUVLPRQLRXV

SDUDPHWHUL]DWLRQV RI WKH GLVFRXQW IXQFWLRQ� )RU LQVWDQFH� 1HOVRQ DQG 6HLJHO ������ DQG %OLVV

������ FRQVLGHU D IXQFWLRQDO IRUP ZLWK RQO\ IRXU XQNQRZQ SDUDPHWHUV� �,Q FRQWUDVW� IRU D

VDPSOH RI ��� VHFXULWLHV� 0F&XOORFK ZRXOG W\SLFDOO\ FKRRVH D VSOLQH ZLWK �� SDUDPHWHUV��

7KLV PRGHO IRUFHV IRUZDUG UDWHV WR DQ DV\PSWRWH� ZKLFK KDV VRPH DSSHDO� KRZHYHU� LW GRHV

QRW pW WKH GDWD DV ZHOO DV WKH VSOLQH�EDVHG PHWKRGV��

,Q WKLV SDSHU ZH GHYHORS D WHFKQLTXH WKDW FDQ ERWK SULFH ERQGV DFFXUDWHO\ DQG SURGXFH

UHODWLYHO\ VWDEOH IRUZDUG UDWHV� 7KH WHFKQLTXH UHWDLQV WKH VSOLQH EDVHG VWUXFWXUH� EXW XQOLNH

� $ OWKR XJ K WKH VH PR GH OV IR UF H WKH IR UZ D UG UD WH V WKUR XJ K D Q D V\ PSWR WH � WKLV GR H V QR W J XD UD QWH H WKH
SR VLWLY LW\ R I WKH IR UZ D UG UD WH V� ,Q ID F W IR U VR PH GD \ V WKH D V\ PSWR WH LV D SSUR [ LPD WH O\ b� � SH UF H QW� ,Q
R XU H [ SH ULPH QWV Z LWK WKH 1 H OVR Q D QG 6LH J H O SD UD PH WH UL] D WLR Q� WKH D Y H UD J H D EVR OXWH SULF LQJ H UUR UV Z H UH
D SSUR [ LPD WH O\ � �� WR � WLPH V OD UJ H U WKD Q WKH SULF LQJ H UUR UV IUR P VSOLQH �ED VH G WH F KQLT XH V�
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0F&XOORFK� -RUGDQ� RU 6KHD� LW SODFHV WKH VSOLQH GLUHFWO\ RQ WKH IRUZDUG UDWH IXQFWLRQ��

$OVR LQ FRQWUDVW WR SUHYLRXV VWXGLHV� ZH pW VPRRWKLQJ VSOLQHV LQVWHDG RI UHJUHVVLRQ VSOLQHV�

6PRRWKLQJ VSOLQHV KDYH D SHQDOW\ IRU H[FHVV ?URXJKQHVV� DQG D VLQJOH SDUDPHWHU WKDW FRQ�

WUROV WKH VL]H RI WKH SHQDOW\�� $Q LQFUHDVH LQ WKH SHQDOW\ UHGXFHV WKH HoHFWLYH QXPEHU RI

SDUDPHWHUV� +HQFH� D VLQJOH YDOXH FRQWUROV WKH HQWLUH SDUDPHWHUL]DWLRQ RI WKH VSOLQH� )RU UH�

JUHVVLRQ VSOLQHV� WKH QXPEHU RI SDUDPHWHUV PXVW EH FKRVHQ H[RJHQRXVO\� %\ FRQWUDVW� ZH XVH

?JHQHUDOL]HG FURVV YDOLGDWLRQ� WR FKRRVH DGDSWLYHO\ WKH URXJKQHVV SHQDOW\_DQG KHQFH WKH

HoHFWLYH QXPEHU RI SDUDPHWHUV� ,Q RWKHU ZRUGV� ZH OHW WKH GDWD GHWHUPLQH WKH DSSURSULDWH

QXPEHU RI SDUDPHWHUV�

)RU FRPSDULVRQ� ZH SUHVHQW UHVXOWV IURP VSOLQLQJ WKH GLVFRXQW IXQFWLRQ DQG WKH ORJD�

ULWKP RI WKH GLVFRXQW IXQFWLRQ� ,Q HDFK FDVH ZH ORRN DW D VHW RI UHJUHVVLRQ VSOLQHV �DV LQ

0F&XOORFK� DQG VPRRWKLQJ VSOLQHV ZLWK DGDSWLYHO\ FKRVHQ SDUDPHWHUL]DWLRQV� ,Q RUGHU WR

JDXJH WKH DELOLW\ RI WKH DOWHUQDWLYH HVWLPDWLRQ PHWKRGV WR DFFXUDWHO\ XQFRYHU WKH DFWXDO

WHUP VWUXFWXUH� ZH WXUQ WR 0RQWH &DUOR VLPXODWLRQ� :H SRVWXODWH D ?WUXH� WHUP VWUXFWXUH�

VXEMHFW WKH WUXH ERQG SULFHV WR QRLVH� DQG HVWLPDWH ZLWK HDFK WHFKQLTXH� :H WKHQ ORRN DW

D YDULHW\ RI VXPPDU\ VWDWLVWLFV WR PHDVXUH WKH ELDVHV DQG VWDQGDUG HUURUV DVVRFLDWHG ZLWK

WKH pWWHG WHUP VWUXFWXUH� %DVHG RQ RXU VLPXODWLRQV DQG RXU HVWLPDWLRQ UHVXOWV XVLQJ GDLO\

GDWD IURP 'HFHPEHU RI ���� WKRXJK 6HSWHPEHU ����� VSOLQLQJ WKH IRUZDUG UDWH IXQFWLRQ

ZLWK D VPRRWKLQJ VSOLQH DQG FKRRVLQJ WKH HoHFWLYH QXPEHU RI SDUDPHWHUV YLD JHQHUDOL]HG

FURVV YDOLGDWLRQ SURGXFHV� LQ JHQHUDO� WKH PRVW DFFXUDWH DQG OHDVW ELDVHG UHVXOWV�

� 6SOLQLQJ WKH WHUP VWUXFWXUH

7KH WHUP VWUXFWXUH RI LQWHUHVW UDWHV FDQ EH LGHQWLpHG ZLWK DQ\ RI D QXPEHU RI UHODWHG

FRQFHSWV� )RU H[DPSOH� WKH GLVFRXQW IXQFWLRQ� r�W� ��� JLYHV WKH SULFH DW WLPH W RI GHIDXOW�

IUHH ]HUR�FRXSRQ ERQG WKDW SD\V RQH XQLW DW WLPH � � +HUHDIWHU� ZH DVVXPH WKDW WKH FXUUHQW

� 7 KH UH LV D PLOG VLPLOD ULW\ WR 9 D VLF H N D QG ) R QJ � KR Z H Y H U WKH \ XVH D Q H [ SR QH QWLD O VSOLQH R Q WKH GLVF R XQW
IXQF WLR Q Z KLF K 6KH D �� � � � � VKR Z V WR EH H oH F WLY H O\ H T XLY D OH QW WR D SR O\ QR PLD O VSOLQH �

� 7 KH UH LV D VXSH UpF LD O VLPLOD ULW\ EH WZ H H Q WKH VPR R WKLQJ VSOLQH V Z H SUH VH QW KH UH D QG WKH PD [ LPXP
VPR R WKQH VV H VWLPD WR UV SUR SR VH G E\ $ GD PV D QG 9 D Q ' H Y H QWH U �� � � � ��
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WLPH LV �� VXSSUHVV WKH pUVW LQGH[� DQG ZULWH r���� 7KH ]HUR�FRXSRQ \LHOG FXUYH� ]��� � 

b ORJ>r���@ � � JLYHV WKH \LHOG�WR�PDWXULW\ RQ D ]HUR�FRXSRQ ERQG WKDW PDWXUHV DW WLPH � �

7KH LQVWDQWDQHRXV IRUZDUG UDWH FXUYH� I��� � bG ORJ>r���@ G� � JLYHV WKH PDUJLQDO UHWXUQ DW

PDWXULW\ � RI H[WHQGLQJ RQH
V LQYHVWPHQW� :H ZLOO DOVR EH LQWHUHVWHG LQ C��� � b ORJ>r���@  
� ]����

7KH WHFKQLTXHV GHVFULEHG LQ WKLV SDSHU DUH GHVLJQHG WR H[WUDFW WKH WHUP VWUXFWXUH IURP

D VHW RI FRXSRQ ERQGV ZKRVH SULFHV DUH ODUJHO\ GHWHUPLQHG E\ WKH SUHVHQW YDOXH RI WKHLU

VWDWHG SD\PHQWV�� &RQVLGHU D VHW RI Q ERQGV� /HW SL EH WKH SULFH RI ERQG L� FLM EH LWV M�WK

SD\PHQW� SDLG DW WLPH �LM � DQG PL EH WKH QXPEHU RI UHPDLQLQJ SD\PHQWV� 7KHQ
�

SL  
PL;
M �

FLM r��LM� � �L  FL
!Hr��L� � �L ���

ZKHUH FL LV WKH YHFWRU RI SD\PHQWV IRU ERQG L� �L LV WKH YHFWRU RI PDWXULWLHV RI WKRVH SD\PHQWV�

�L LV D UDQGRP YDULDEOH
� DQG

Hr��L� � �r��L��� c c c � r��LPL��
!

LV WKH PL d � FROXPQ YHFWRU WKDW UHVXOWV IURP DSSO\LQJ r WR HDFK HOHPHQW RI �L�

��� &XELF % �VSOLQH EDVLV

$ FXELF VSOLQH LV D SLHFHZLVH FXELF SRO\QRPLDO MRLQHG DW VR�FDOOHG NQRW SRLQWV� $W HDFK NQRW

SRLQW� WKH SRO\QRPLDOV WKDW PHHW DUH UHVWULFWHG VR WKDW WKH OHYHO DQG pUVW WZR GHULYDWLYHV

RI HDFK FXELF DUH LGHQWLFDO� (DFK DGGLWLRQDO NQRW SRLQW LQ WKH VSOLQH DGGV RQH LQGHSHQGHQW

SDUDPHWHU� DV WKUHH RI WKH IRXU SDUDPHWHUV RI WKH DGGLWLRQDO FXELF SRO\QRPLDO DUH FRQVWUDLQHG

E\ WKH UHVWULFWLRQ� %\ LQFUHDVLQJ WKH QXPEHU RI NQRWV� FXELF VSOLQHV SURYLGH LQFUHDVLQJO\

qH[LEOH IXQFWLRQDO IRUP� $ VLPSOH� QXPHULFDOO\ VWDEOH SDUDPHWHUL]DWLRQ RI D FXELF VSOLQH LV

� 7 UH D VXU\ VH F XULWLH V WKD W GR QR W UH D VR QD EO\ PH H W WKLV F ULWH ULD D UH F D OOD EOH ER QGV� ? qR Z H U� ER QGV� D QG
ER QGV ? R Q VSH F LD O� LQ WKH UH SR PD UN H W�

� ? ! � GH QR WH V WUD QVSR VH � ,Q D GGLWLR Q� WKH SULF H V� SL� LQF OXGH D F F UXH G LQWH UH VW�
�:H GLVF XVV WKLV PR UH EH OR Z �
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SURYLGHG E\ D FXELF %�VSOLQH EDVLV�

/HW IVNJ.N � GHQRWH WKH NQRW SRLQWV� ZLWK VN � VN��� V�  �� DQG V.  0 � WKH PD[LPXP

PDWXULW\ RI DQ\ ERQG LQ WKH VDPSOH�� 7KH NQRW SRLQWV GHpQH.b� LQWHUYDOV RYHU WKH GRPDLQ
RI WKH VSOLQH� >�� 7 @� )RU WKH SXUSRVH RI GHpQLQJ D %�VSOLQH EDVLV� LW LV FRQYHQLHQW WR GHpQH

DQ DXJPHQWHG VHW RI NQRW SRLQWV� IGNJ.��N � � ZKHUH G�  G�  G�  V�� G.��  G.��  

G.��  V. � DQG GN��  VN IRU � x N x .�

$ FXELF %�VSOLQH EDVLV LV D YHFWRU RI x  .�� FXELF %�VSOLQHV GHpQHG RYHU WKH GRPDLQ�

$ %�VSOLQH LV GHpQHG E\ WKH IROORZLQJ UHFXUVLRQ� ZKHUH U  � IRU D FXELF %�VSOLQH DQG

� x N x x��
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7R VLPSOLI\ QRWDWLRQ� OHW �N��� � ��N���� 7KH FXELF %�VSOLQH EDVLV� WKHQ� LV WKH URZ YHFWRU

���� � ������� c c c � �x�����

2YHU DQ\ LQWHUYDO EHWZHHQ DGMDFHQW NQRW SRLQWV� VN DQG VN��� WKHUH DUH IRXU QRQ�]HUR %�

VSOLQHV� ZLWK DGMDFHQW LQWHUYDOV VKDULQJ WKUHH� 7KLV JLYHV ���� D VHPL�RUWKRJRQDO VWUXFWXUH

IURP ZKLFK LW JHWV LWV QXPHULFDO VWDELOLW\� $Q\ FXELF VSOLQH FDQ EH FRQVWUXFWHG IURP OLQHDU

FRPELQDWLRQV RI WKH %�VSOLQHV� ����p� ZKHUH p � �p�� c c c � px�! LV D YHFWRU RI FRHrFLHQWV�
3DQHO $ RI )LJXUH � VKRZV D FXELF %�VSOLQH EDVLV GHpQHG RYHU VL[ HTXDOO\ VSDFHG NQRW SRLQWV�

$V LV VWDQGV� ���� LV D YHFWRU�YDOXHG IXQFWLRQ RI D VFDODU DUJXPHQW� � � ,Q ZKDW IROORZV�

LW ZLOO SURYH XVHIXO WR KDYH QRWDWLRQ IRU D %�VSOLQH EDVLV DV D IXQFWLRQ RI YHFWRU�YDOXHG

DUJXPHQW� �L� 7R WKDW HQG� GHpQH H�N��L� � ��N��L��� c c c � �N��LPL��
!� DQ PL d � FROXPQ

�,Q D OO F D VH V� Z H GLVWULEXWH WKH N QR W SR LQWV D F F R UGLQJ WR WKH GLVWULEXWLR Q R I WKH pQD O PD WXULWLH V R I WKH
ER QGV� ) R U H [ D PSOH � Z LWK WKUH H N QR W SR LQWV� Z H SOD F H WKH VLQJ OH LQWH ULR U N QR W SR LQW� V�� D W WKH PH GLD Q
PD WXULW\ �

� ) R U D PR UH GH WD LOH G GLVF XVVLR Q R I E�VSOLQH ED VH V D QG WKH LU SUR SH UWLH V� VH H GH %R R U �� � � � ��
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YHFWRU� DQG H���L� � �H����L�� c c c � H�x��L��� DQ PL d x PDWUL[�

��� 5HJU HVVLRQ VSOLQHV

:H pUVW FRQVLGHU VSOLQLQJ DQ DUELWUDU\ IXQFWLRQ RI WKH WHUP VWUXFWXUH� K���� 7KH RQO\

UHVWULFWLRQ ZH LPSRVH RQ K LV WKDW WKHUH H[LVW D IXQFWLRQDO WUDQVIRUPDWLRQ J VXFK WKDW

J�K� c �� �� u r����

:H ZLOO SDUDPHWHUL]H K��� DV D FXELF VSOLQH�

KV��� p� � 
x;

N �

pN �N���  ����p�

'HpQH WKH VSOLQHG GLVFRXQW IXQFWLRQ rV��� p� � J�KV� c � p�� ��� DQG GHpQH WKH SUHVHQW YDOXH
RI D ERQG
V SD\PHQWV DFFRUGLQJ WR rV��� p�

}L�p� � FL
!HrV��L� p�  FL

!HJ�KV� c � p�� �L�  FL
!HJ��� c �p� �L��

ZKHUH HJ��� c �p� �L� � �J��� c �p� �L��� c c c � J��� c �p� �LPL��
!� DQ PL d � YHFWRU�

/HW 3 EH DQ Q d � YHFWRU RI ERQG SULFHV� SL� DQG g�p� EH WKH FRUUHVSRQGLQJ YHFWRU RI

SUHVHQW YDOXHV RI WKH ERQGV� }L�p�� 7KHQ KV��� p
e� LV D UHJUHVVLRQ VSOLQH� ZKHUH pe VROYHV

PLQ
p
>�3 bg�p��!�3 bg�p��@� ���

,Q JHQHUDO� PLQLPL]DWLRQ SUREOHP ��� FDQ EH VROYHG DV D QRQOLQHDU OHDVW VTXDUHV SUREOHP�

)ROORZLQJ &KRZ ������� ZH OLQHDUL]H g�p� DURXQG DQ LQLWLDO JXHVV p��

g�p� } g�p�� � �p b p��
#g�p�

#p!

pppp
p p�

�

DQG GHpQH ;�p�� � #g�p� #p!
ppp
p p�

DQG < �p�� � 3 bg�p�� � p�;�p��� 5HDUUDQJLQJ
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��� XVLQJ WKHVH GHpQLWLRQV \LHOGV

PLQ
p

xt
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u!t
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uy
� ���

7KH PLQLPL]HU IRU ��� LV

p�  
t
;�p��!;�p��

ub�
;�p��!< �p���

ZKHUH p� LV DQ XSGDWHG p�� :H FDQ XVH p� DV WKH LQLWLDO JXHVV IRU WKH QH[W LWHUD�

WLRQ� REWDLQLQJ p�� :H LWHUDWH XQWLO FRQYHUJHQFH� 7KH VROXWLRQ LV WKH p[HG�SRLQW pe  

�;�pe�!;�pe��b�;�pe�!< �pe��

��� )XQFWLRQDO IRU PV

,Q WKLV VHFWLRQ ZH H[DPLQH WKUHH FDQGLGDWHV IRU K���� r���� C���� DQG I���� 7KH WDEOH EHORZ

VXPPDUL]HV WKH UHOHYDQW LQIRUPDWLRQ UHJDUGLQJ HDFK FDVH�

&DVH �L� LV WKH VRUW RI UHJUHVVLRQ VSOLQH WKDW 0F&XOORFK SLRQHHUHG� 6LQFH #}L�p� #p
!

GRHV QRW GHSHQG RQ p LQ WKLV FDVH� ��� FDQ EH ZULWWHQ

PLQ
p
>�3 b;p�!�3 b;p�@�

WKH VROXWLRQ WR ZKLFK LV WKH 2/6 HVWLPDWRU pe  �;!;�b�;!3 � ,Q &DVH �LL�� J�K� c �� �� LV
QRW OLQHDU LQ K� c �� VR WKH QRQOLQHDU SURFHGXUH PXVW EH IROORZHG� &DVH �LLL� LV LGHQWLFDO WR
&DVH �LL� ZLWK WKH H[FHSWLRQ WKDW
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UHSODFHV ���� HYHU\ZKHUH�� 7KLV IROORZV IURP

rV��� p�  J�KV� c � p�� ��  H[S
v
b

= �

�
��V�p GV

w
 H[S�b����p��

&DVH K��� J�K� c �� �� }L�p� #}L�p� #p
!

L r��� K��� FL
! H���L�p FL

! H���L�
LL C��� H[S�bK���� FL

! H[S�bH���L�p� b}L�p� FL
! H���L�

LLL I��� H[S�b 5 �
� K�V� GV� FL

! H[S�b H���L�p� b}L�p� FL
! H���L�

��� 6PRRWKLQJ VSOLQHV

,Q D UHJUHVVLRQ VSOLQH� WKH QXPEHU RI SDUDPHWHUV LV GHWHUPLQHG E\ WKH QXPEHU RI NQRW SRLQWV�

(LWKHU WRR IHZ RU WRR PDQ\ NQRW SRLQWV FDQ OHDG WR SRRU HVWLPDWHV� 7KH VWUDWHJ\ ZH IROORZ

LV WR XVH D ODUJH QXPEHU RI NQRW SRLQWV EXW SHQDOL]H H[FHVV YDULDELOLW\ LQ WKH HVWLPDWHG

GLVFRXQW IXQFWLRQ� 7KLV KDV WKH HoHFW RI UHGXFLQJ WKH HoHFWLYH QXPEHU RI SDUDPHWHUV VLQFH

WKH SHQDOW\ IRUFHV LPSOLFLW UHODWLRQVKLSV EHWZHHQ WKH SDUDPHWHUV RI WKH VSOLQH� 7KH SHQDOW\

LV GHpQHG DV

y

= 7

�
K������G��

D FRQVWDQW WLPHV WKH LQWHJUDO RI WKH VTXDUHG VHFRQG GHULYDWLYH RI WKH IXQFWLRQ EHLQJ VSOLQHG�

)RU WKH WLPH EHLQJ ZH DVVXPH y LV p[HG� 7KH SUREOHP QRZ FRQVLVWV RI PLQLPL]LQJ WKH

UHVLGXDO VXPV RI VTXDUHV SOXV WKH SHQDOW\�

PLQ
K����+

�
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t
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ZKHUH + LV WKH VSDFH RI DOO IXQFWLRQV GHpQHG RQ 5� ZLWK VTXDUHG VHFRQG GHULYDWLYHV ZKLFK

LQWHJUDWH WR D pQLWH YDOXH� :H UHVWULFW RXUVHOYHV WR WKLV VSDFH VLQFH WKHUH DUH IDLUO\ ZHOO

�3D QH O % R I ) LJ XUH � VKR Z V WKH LQWH J UD O R I D F XELF %�VSOLQH ED VLV GH pQH G R Y H U VL[ H T XD OO\ VSD F H G N QR W
SR LQWV�
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NQRZQ WKHRUHWLFDO UHVXOWV RQ WKH VROXWLRQV WR VXFK SUREOHPV������

,Q WHUPV RI WKH VSOLQH� KV��� p�� WKH SHQDOW\ FDQ EH ZULWWHQ DV IROORZV�

y

= 7
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+ LV D xd x PDWUL[ WKDW LV EDQG GLDJRQDO E\ WKH VWUXFWXUH RI D %�VSOLQH EDVLV� 6LQFH DQ\ p

WKDW PDNHV KV��� p� OLQHDU LQ � LV QRW SHQDOL]HG� + KDV WZR ]HUR HLJHQYDOXHV� $OVR QRWH WKDW

+ LV FRPSOHWHO\ GHWHUPLQHG E\ WKH NQRW SRLQWV�

7KH PLQLPL]DWLRQ SUREOHP FDQ EH VWDWHG DV IROORZV IRU D JLYHQ y�

PLQ
p�y�

xt
3 bg�p�y��

u!t
3 bg�p�y��

u
� yp�y�!+p�y�

y
�

,Q JHQHUDO� WKH PLQLPL]HU LV IRXQG E\ QRQOLQHDU OHDVW VTXDUHV DV GHVFULEHG LQ WKH SUHYLRXV

VHFWLRQ� LWHUDWLQJ RQ

pL���y�  
t
;�pL�y��!;�pL�y�� � y+

ub�
;�pL�y��!< �pL�y��

XQWLO FRQYHUJHQFH�

pe�y�  
t
;�pe�y��!;�pe�y�� � y+

ub�
;�pe�y��!< �pe�y����� ���

7KH VPRRWKLQJ VSOLQH LV JLYHQ E\ KV��� p
e�y�����

��6H H :D KED �� � � � �� 6WULF WO\ VSH D N LQJ � WKH WKH R UH WLF D O UH VXOWV R QO\ D SSO\ Z KH Q J�K� c �� �� LV OLQH D U LQ K� c ��
��,Q WKH PD F UR H F R QR PLF OLWH UD WXUH WKLV IR UP R I VPR R WKLQJ KD V EH H Q XVH G IR U pOWH ULQJ H F R QR PLF D J J UH J D WH V�

+ R GULF N D QG 3UH VF R WW �� � � � � SUR SR VH G D PH WKR G IR U H [ WUD F WLQJ WKH OR QJ �UXQ F R PSR QH QW R I D WLPH VH ULH V
IUR P LWV F \ F OLF D O F R PSR QH QW WKUR XJ K WKH D Q D QD OR J R XV PLQLPL] D WLR Q SUR F H VV� 7 KH \ F R QVLGH U D GLVF UH WH WLPH
VH ULH V I \W J 7W �� D QG VH D UF K IR U WKH VPR R WK R U OR QJ ^ UXQ F R PSR QH QW E\ F R QGXF WLQJ WKH IR OOR Z LQJ PLQLPL] D WLR Q
SUR EOH P�

PLQ
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Z KH UH I [W J LV WKH VPR R WKH G F R PSR QH QW D QG LV D QD OR J R XV WR D GLVF UH WH WLPH VSOLQH �
��:KH Q J�K� c �� �� LV OLQH D U LQ K� c �� pe�y�  �;!; � y+�b�;!3�
��6H H $ SSH QGL[ $ IR U D GLVF XVVLR Q R I LPSR VLQJ WKH UH VWULF WLR Q rV�� � p�  � �
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)RUPDOO\� ��� LV ULGJH UHJUHVVLRQ HVWLPDWRU� %\ HPSOR\LQJ D URXJKQHVV SHQDOW\� ZH

FDQ RYHU�SDUDPHWHUL]H WKH VSOLQH� PDNLQJ ;�pe�y��!;�pe�y�� QHDUO\ VLQJXODU� DQG XVH WKH

SHQDOW\ WR UHGXFH WKH HoHFWLYH QXPEHU RI SDUDPHWHUV� 7KH SHQDOW\ WKXV ?VROYHV� WKH PXO�

WLFROOLQHDULW\ SUREOHP� 7KH DGYDQWDJH RI WKLV WHFKQLTXH LV WKDW WKH VKDSH RI WKH VSOLQH LV

FRQWUROOHG E\ D VLQJOH SDUDPHWHU� y�

2QH FRPPRQ PHDVXUH RI WKH HoHFWLYH QXPEHU RI SDUDPHWHUV LV WKH WUDFH RI $�y�� GHQRWHG

WU�$�y��� ZKHUH

$�y� � ;�pe�y��
t
;�pe�y��!;�pe�y�� � y+

ub�
;�pe�y��!�

1RWH WKDW $�y�< �pe�y�� LV WKH YHFWRU RI pWWHG < YDOXHV ZKLFK LQ WKH OLQHDU FDVH LV WKH

YHWFRU RI pWWHG SULFHV� 7KH H[WUHPH FDVHV DUH WU�$����  x �ZLWK QR SHQDOW\ WKH QXPEHU RI

HoHFWLYH SDUDPHWHUV HTXDOV WKH QXPEHU RI %�VSOLQHV�� DQG WU�$����  � �ZLWK DQ LQpQLWH
SHQDOW\ WKH QXPEHU RI HoHFWLYH SDUDPHWHUV HTXDOV �����

��� *HQHU DOL]HG FU RVV YDOLGDWLRQ

,Q WKLV VHFWLRQ� ZH SURYLGH D WHFKQLTXH IRU FKRRVLQJ WKH DSSURSULDWH YDOXH IRU y� :H FKRRVH

WKH YDOXH RI y WKDW PLQLPL]HV WKH ?JHQHUDOL]HG FURVV YDOLGDWLRQ� �*&9� YDOXH���

q�y� � 

t
�, b$�y��< �pe�y��

u!t
�, b$�y���< �pe�y��

u
t
Qb v WU�$�y��

u� � ���

7KH QXPHUDWRU RI ��� LV WKH UHVLGXDO VXP RI VTXDUHV� :KHQ v  �� WKH GHQRPLQDWRU LV WKH

VTXDUHG HoHFWLYH GHJUHHV RI IUHHGRP �WKH GLoHUHQFH EHWZHHQ WKH QXPEHU RI REVHUYDWLRQV DQG

��6H H $ SSH QGL[ %�
�� $ V WKH QD PH ? J H QH UD OL] H G F UR VV Y D OLGD WLR Q� VXJ J H VWV� WKH UH LV D F ULWH ULR Q F D OOH G F UR VV Y D OLGD WLR Q� ,QWX�

LWLY H O\ � F UR VV Y D OLGD WLR Q VWD UWV E\ OR R N LQJ D W D ? OH D Y H �R QH �R XW� H VWLPD WR U IR U H D F K GD WD SR LQW� 7 KH UH VLGXD O
Y D OXH V IUR P D F WXD O GD WD SR LQW D QG WKH pWWH G GD WD SR LQW IUR P WKH OH D Y H �R QH �R XW H VWLPD WLR Q D UH D Y H UD J H G WR
F R QVWUXF W WKH F UR VV Y D OLGD WLR Q PH D VXUH � :LWK IH Z SD UD PH WH UV LQ WKH H VWLPD WLR Q WKH UH VLGXD OV Z LOO WH QG WR
EH OD UJ H � GXH WR D SR R U R Y H UD OO pW� Z KLOH Z LWK D Q LQWH USR OD QW� WKH SH UIH F W pW Z LOO WH QG SUR GXF H VSXULR XV
PR Y H PH QWV D QG KH QF H OD UJ H R XW R I VD PSOH UH VLGXD OV� 6R PH Z KH UH LQ EH WZ H H Q LV WKH OR Z H VW Y D OXH R I WKH F UR VV
Y D OLGD WLR Q PH D VXUH D QG WKH ? EH VW� H VWLPD WH � *H QH UD OL] H G F UR VV Y D OLGD WLR Q H PSOR \ V D Q D OWH UQD WLY H Z H LJ KWLQJ
VF KH PH LQ WKH F R QVWUXF WLR Q R I WKH VXP UH VLGXD OV� 6H H :D KED �� � � � � IR U GH WD LOV�
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WKH HoHFWLYH QXPEHU RI SDUDPHWHUV�� 7KH SDUDPHWHU v LV FDOOHG WKH FRVW� ,W FRQWUROV WKH

WUDGH�Ro EHWZHHQ JRRGQHVV�RI�pW DQG SDUVLPRQ\� ,Q SODLQ�YDQLOOD *&9� v  �� +RZHYHU� v

FDQ EH LQFUHDVHG WR UHGXFH WKH VLJQDO H[WUDFWHG� WKHUHE\ VWLoHQLQJ WKH VSOLQH���

:KHQ J�K� c �� �� LV OLQHDU LQ K� c �� $�y�  ;�;!;�y+�b�;!� DQG WKHUH LV D VLPSOLpHG

H[SUHVVLRQ IRU q�y� WKDW FDQ EH PLQLPL]HG GLUHFWO\��� ,Q JHQHUDO� KRZHYHU� D QHZ ;�pe�y��

PDWUL[ PXVW EH IRUPHG IRU HDFK YDOXH RI y� 7KXV IRU HDFK YDOXH RI y ZH WHVW� ZH PXVW VROYH

IRU pe�y� DQG WKHQ FDOFXODWH q�y�� 7KH RYHUDOO VROXWLRQ LV JLYHQ E\

pe�ye�  
t
;�pe�ye��!;�pe�ye�� � y+

ub�
;�pe�ye��!< �pe�ye���

ZKHUH ye PLQLPL]HV q�y�� 7KH UHVXOWLQJ *&9 VPRRWKLQJ VSOLQH LV KV��� pe�ye���

��� , PSOHPHQWLQJ WKH HVWLPDWRU V

)RU VPRRWKLQJ VSOLQHV� ZH QHHG VWDUWLQJ YDOXHV IRU y� +RZHYHU� y LV QRW IUHH RI XQLWV� WKXV

LW LV QRW HDV\ WR NQRZ LQ DGYDQFH ZKDW D JRRG VWDUWLQJ YDOXH LV� $W H[WUHPHO\ ODUJH YDOXHV

RI y WKH *&9 IXQFWLRQ EHFRPHV YHU\ qDW DQG RSWLPL]HUV FDQ JHW VWXFN DW QRQ�PLQLPXPV�

)RU WKH GDWD ZH KDYH H[DPLQHG� q�y� LV ZHOO�EHKDYHG IRU VWDUWLQJ YDOXHV EHWZHHQ ���� DQG

����� KRZHYHU� PRYLQJ EH\RQG ���� FDQ FUHDWH VHULRXV SUHFLVLRQ SUREOHPV�

:KHQ J�K� c �� �� LV QRW OLQHDU LQ K� c �� ZH QHHG VWDUWLQJ YDOXHV IRU p DV ZHOO� )RUWXQDWHO\�
JRRG VWDUWLQJ YDOXHV IRU p DUH HDV\ WR FDOFXODWH� 2QH RI WKH SURSHUWLHV RI %�VSOLQHV LV WKDW3x

N � ����  �� $V D FRQVHTXHQFH� WKH FRHrFLHQWV� p� WUDFN WKH YDOXH RI WKH IXQFWLRQ� ����p�

7KXV DQ\ UHDVRQDEOH HVWLPDWH RI WKH IXQFWLRQ WR EH VSOLQHG FDQ EH XVHG WR IRUP VWDUWLQJ

YDOXHV� )RU H[DPSOH� VXSSRVH D FUXGH HVWLPDWH RI WKH IXQFWLRQ WR EH VSOLQHG LV EK���� /HW
WKH VWDUWLQJ YDOXH IRU pN EH pN�  

�
�

3N��
L N

EK�GL�� :LWK WKHVH VWDUWLQJ YDOXHV� WKH p[HG SRLQW
SUREOHP FRQYHUJHV UDSLGO\���

��,Q R XU H PSLULF D O Z R UN Z LWK 8 �6� 7 UH D VXU\ ER QGV D QG R XU VLPXOD WLR QV� Z H VH W v  � �
��6H H $ SSH QGL[ %�
�� $ OO R I WKH H VWLPD WR UV GH VF ULEH G LQ WKLV SD SH U D UH LPSOH PH QWH G LQ D VH W R I 0 DWKHPDWLFD SD F N D J H V� D Y D LOD EOH

R Q UH T XH VW� 7 KH VH SD F N D J H V D QG D GLVF XVVLR Q R I KR Z WKH \ Z R UN Z LOO D SSH D U LQ ) LVKH U D QG =H UY R V �IR UWKF R PLQJ ��
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� 0RQWH &DUOR VLPXODWLRQV

,Q RUGHU WR JDXJH WKH DELOLW\ RI WKH YDULRXV HVWLPDWLRQ WHFKQLTXHV WR SULFH ERQGV DFFXUDWHO\

DQG WR XQFRYHU WKH WUXH ]HUR FRXSRQ DQG IRUZDUG UDWH IXQFWLRQV ZH UHVRUW WR 0RQWH &DUOR

VLPXODWLRQ� :H FRQVLGHU IRXU VHSDUDWH IXQFWLRQDO IRUPV IRU WKH ?WUXH� VWUXFWXUH RI IRUZDUG

UDWHV DQG WKHQ JHQHUDWH WKH ?WUXH� SULFHV IRU D ODUJH VHW RI 7UHDVXU\ VHFXULWLHV� %\ VXEMHFWLQJ

WKH SULFHV WR QRLVH� ZH FDQ DSSO\ D QXPEHU RI DOWHUQDWLYH HVWLPDWLRQ WHFKQLTXHV UHSHDWHGO\

DQG FRQVWUXFW H[SOLFLW PHDVXUHV RI WKH JRRGQHVV�RI�pW� ELDVHV� DQG VWDQGDUG HUURUV IRU HDFK

RI WKH HVWLPDWRUV�

:H ZLOO VSHFLI\ YDULRXV ?WUXH� IRUZDUG UDWH IXQFWLRQV� IN���� $VVRFLDWHG ZLWK HDFK IN���

LV D WUXH GLVFRXQW IXQFWLRQ� rN���� *LYHQ rN���� ZH FDQ FDOFXODWH WKH ?WUXH� ERQG SULFHV IURP

D VHW RI FRXSRQ SD\PHQWV� }LN � FL
!HrN��L�� 7R HDFK RI WKHVH WUXH SULFHV� ZH DGG UDQGRP

QRLVH� SURGXFLQJ ?REVHUYHG� ERQG SULFHV� SLNU � }LN � �LNU� ZKHUH �LNU LV LQGHSHQGHQWO\

QRUPDOO\ GLVWULEXWHG ZLWK ]HUR PHDQ DQG VWDQGDUG HUURU �� )RU HDFK rN���� ZH SURGXFH 5 RI

WKHVH VHWV� :H WKHQ pW WKH WHUP VWUXFWXUH WR HDFK RI WKHVH VHWV RI JHQHUDWHG GDWD XVLQJ YDULRXV

IXQFWLRQDO IRUPV� KV��� p�� DQG D YDULHW\ RI NQRW�SRLQW VSHFLpFDWLRQV DQG SDUDPHWHUL]DWLRQV�

)RU HDFK RI WKHVH HVWLPDWLRQ WHFKQLTXHV �LQGH[HG E\ o� ZH SURGXFH pWWHG ERQG SULFHV� ASoLNU�

DV ZHOO DV pWWHG IRUZDUG DQG ]HUR IXQFWLRQV� AIo
NU���� DQG A]

o
NU����

��� &U LWHU LD

:H ORRN DW WZR VRUWV RI FULWHULD� RQH UHODWLQJ WR KRZ ZHOO ZH XQFRYHU WKH WUXH ERQG SULFHV

DQG WKH RWKHU UHODWLQJ WR KRZ ZHOO ZH XQFRYHU WKH IRUZDUG DQG ]HUR FXUYHV�

)RU ERQG SULFHV� ZH H[DPLQH WKH PHDQ DEVROXWH SULFLQJ HUURU �0$3(� IRU WKH ERQGV LQ

WKH VDPSOH�

$�N� o� � �

5Q

5;
U �

Q;
L �

M ASoLNU b }LN M �

:H DOVR FDOFXODWH WKH PHDQ DEVROXWH SULFLQJ HUURU IRU VSHFLpF ERQGV WKDW PD\ RU PD\ QRW
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EH LQ WKH VDPSOH���

$�N� o� F� �� � �

5

5;
U �

M ASoNU�F� ��b }LN�F� �� M�

ZKHUH }LN�F� �� LV WKH WUXH YDOXH RI D ERQG ZLWK FRXSRQ UDWH F WKDW PDWXUHV DW WLPH � DQG

ASoNU�F� �� LV WKH pWWHG YDOXH�

)RU IRUZDUG DQG ]HUR FXUYHV ZH H[DPLQH WKUHH FULWHULD� ,Q ZKDW IROORZV� OHW ) GHQRWH

HLWKHU I RU ]� ,W LV FRQYHQLHQW WR GHpQH WKH PHDQ YDOXH RI WKH pWWHG IXQFWLRQ DW PDWXULW\ � �

0) �N� o� �� � 
�

5

5;
U �

A)o
NU����

:H QRZ GHVFULEH WKH FULWHULD� )LUVW� WKH PHDQ HUURU �WKH ELDV� IRU D JLYHQ PDWXULW\ � �

%) �N� o� �� � 0) �N� o� ��b)N����

6HFRQG� WKH VWDQGDUG HUURU IRU D JLYHQ PDWXULW\ � �

6) �N� o� �� � 
�
�

5

5;
U �

t
A)o
NU���b0) �N� o� ��

u�� �
�

�

)LQDOO\� WKH LQWHJUDWHG PHDQ DEVROXWH HUURU �,0$(��

,) �N� o� � �

0

= 0

�
M %) �N� o� �� M G��

��� 2XU LPSOHPHQWDWLRQ

:H FKRRVH WR XVH WKH GDWD IURP D W\SLFDO GD\ DV RXU VHW RXU FRXSRQ SD\PHQWV IRU RXU VLP�

XODWLRQV� 7KH FRXSRQ SD\PHQW VWUXFWXUH GRHV QRW YDU\ VLJQLpFDQWO\ RYHU RXU VDPSOH SHULRG

�����^������ DQG ZH XVH $SULO� �� ����� ZKHQ WKHUH DUH ��� ERQGV WKDW PHHW RXU HVWLPDWLRQ

FULWHULD� QRQ�FDOODEOH� QRQ�qRZHU FRXSRQ EHDULQJ VHFXULWLHV ZLWK PDWXULWLHV JUHDWHU WKDQ

��,Q SD UWLF XOD U� 8 �6� 7 UH D VXU\ GD WD KD Y H D ? J D S� LQ WKH PD WXULW\ VWUXF WXUH D IWH U UH PR Y LQJ F D OOD EOH ER QGV�
:H D UH LQWH UH VWH G LQ KR Z Z H OO WKH H VWLPD WR UV Z R XOG SULF H QR Q�F D OOD EOH ER QGV LQ WKH J D S�

��



�� GD\V� )RU WKH SXUSRVHV RI WKLV DQDO\VLV� ZH OHW �  ���� WKH DYHUDJH UHVLGXDO VWDQGDUG

GHYLDWLRQ IURP RXU HVWLPDWLRQV GXULQJ WKH PRUH UHFHQW WLPH SHULRGV��� :H WKHQ JHQHUDWH

��� VHWV RI REVHUYHG SULFHV �5  �����

:H H[SORUH WKH IROORZLQJ IXQFWLRQDO IRUPV IRU WKH WUXH WHUP VWUXFWXUH RI LQVWDQWDQHRXV

IRUZDUG UDWHV�

I����  �������

I����  ���� � �����d ��b� �

I����  ���� � �d ��b� � b ����d ��b� ��

I����  ���� � ����d ��b� � � ���d ��b� ��

b �����d ��b� �� � ����d ��b� �� � ���d ��b� VLQ������ ��

(DFK IXQFWLRQDO IRUP LV VKRZQ LQ pJXUH � ZKHUH WKH IRUZDUG UDWH LV LQ SHUFHQWDJH WHUPV DQG

PDWXULW\ LQ \HDUV�

,Q RUGHU WR JDXJH ERWK WKH DSSURSULDWH SODFHPHQW RI WKH VSOLQH DV ZHOO DV WKH DV WKH

HrFDF\ RI p[HG NQRW SRLQW YHUVXV *&9 SDUDPHWHUL]DWLRQV� ZH OHW WKH IXQFWLRQDO IRUP K���

EH r���� C���� RU I��� DQG WKHQ HVWLPDWH XVLQJ �� �� DQG �� NQRW SRLQW UHJUHVVLRQ VSOLQH

VSHFLpFDWLRQV� DQG pQDOO\ WKH *&9 EDVHG VPRRWKLQJ VSOLQH VSHFLpFDWLRQ��� 7KLV JLYHV XV

WZHOYH DOWHUQDWLYH HVWLPDWLRQ PHWKRGV WR FRQVLGHU IRU HDFK IXQFWLRQDO IRUP� �7KHVH DUH WKH

WHFKQLTXHV LQGH[HG E\ o��

��� 6LPXODWLRQ U HVXOWV

7KH 0RQWH &DUOR VLPXODWLRQ UHVXOWV DUH VXPPDUL]HG LQ 7DEOHV �^�� 7KH FHQWUDO FRQFOXVLRQ

LV WKDW WKH EHVW HVWLPDWLRQ WHFKQLTXH LV D VPRRWKLQJ VSOLQH VSHFLpFDWLRQ RQ WKH IRUZDUG UDWH

IXQFWLRQ ZLWK WKH *&9 SDUDPHWHUL]DWLRQ� ZKLOH WKH ZRUVW WHFKQLTXH LV D UHJUHVVLRQ VSOLQH

��:H KD Y H F R QVLGH UH G �  � �� � Z KLF K LV PR UH UH SUH VH QWD WLY H R I WKH H D UO\ SD UW R I R XU VD PSOH � $ OWKR XJ K WKH
OD UJ H U VWD QGD UG H UUR U LV UH qH F WH G LQ WKH VL] H R I WKH H UUR UV D QG ELD VH V� WKH UH OD WLY H PH ULWV R I R QH H VWLPD WLR Q
WH F KQLT XH Y H UVXV D QR WKH U D UH XQF KD QJ H G�
�� ) R U *& 9 �ED VH G H VWLPD WLR QV� Z H F KR R VH WKH QXPEH U R I N QR WV WR EH R QH �WKLUG R I WKH VD PSOH VL] H � 7 \ SLF D OO\ �

IR U R XU GD WD � WKLV SUR GXF H V � � WR � � N QR WV� 0 R UH N QR WV VOR Z V GR Z Q F R PSXWD WLR Q Z LWKR XW F KD QJ LQJ WKH UH VXOWV�
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RQ WKH GLVFRXQW IXQFWLRQ ZLWK �� NQRWV �VLPLODU WR 0F&XOORFK
V RULJLQDO WHFKQLTXH��

2YHUDOO� WKHUH DUH D IHZ UHFXUULQJ WKHPHV DFURVV DOO WKH VLPXODWLRQV� )LUVW� WKH UHVXOWV

GHPRQVWUDWH WKH LPSRUWDQFH RI WKH SHQDOW\ RQ WKH SODFHPHQW RI WKH VSOLQH� 7KH SHQDOW\

WHQGV WR OLQHDUL]H WKH IXQFWLRQ WKDW LV EHLQJ VSOLQHG� HVSHFLDOO\ LQ WKRVH UHJLRQV ZKHUH WKH

FRVW RI SDUVLPRQ\_WKH LQFUHDVH LQ WKH UHVLGXDO VXP RI VTXDUHV_LV VPDOO� 7KLV LV WUXH LQ WKH

��� WR ���\HDU UHJLRQ ZKHUH WKHUH DUH IHZ GDWD SRLQWV� 7KXV WKH EHKDYLRU RI WKH FXUYHV DW

WKH ORQJ HQG UHqHFWV WKH DFWLRQ RI WKH SHQDOW\ RQ WKH IXQFWLRQDO IRUP� ,Q SDUWLFXODU� ZKHQ

VSOLQLQJ C��� ZLWK *&9� WKH IRUZDUG UDWHV WHQG WR qDWWHQ RXW DW WKH ORQJHU PDWXULWLHV�

VLQFH WKH SHQDOW\ WHQGV WR OLQHDUL]H WKH ORJ RI WKH GLVFRXQW IXQFWLRQ �L�H�� WKH GHULYDWLYH RI

WKH IRUZDUG UDWH FXUYH�� :KHQ VSOLQLQJ I��� WKH SHQDOW\ DFWV DFWV WR OLQHDUL]H WKH IRUZDUG

FXUYH LWVHOI� :KHQ VSOLQLQJ r��� WKH SHQDOW\ WHQGV WR OLQHDUL]H WKH GLVFRXQW IXQFWLRQ� ZKLFK

WUDQVODWHV LQWR IRUFLQJ WKH VORSH RI WKH IRUZDUG UDWH IXQFWLRQ WR HTXDO WKH VTXDUH RI LWV OHYHO�

,Q WKLV FDVH� WKH IRUZDUG UDWHV WHQG WR WXUQ XS DW WKH ORQJHU PDWXULWLHV� SURGXFLQJ D ELDV�

$ VHFRQG UHFXUULQJ WKHPH DFURVV DOO WKH VLPXODWLRQV LV WKH VLPLODULW\ RI WKH LQ�VDPSOH

DYHUDJH DEVROXWH SULFLQJ HUURUV� 7KH SULFLQJ HUURUV DUH ODUJH RQO\ ZKHQ WKH FXUYH LV XQGHU�

SDUDPHWHUL]HG �L�H�� ZKHQ WKH IRUZDUG UDWHV DUH JLYHQ E\ I���� DQG RQO\ �^� NQRWV DUH

FKRVHQ�� ,Q PDQ\ LQVWDQFHV WKH LQ VDPSOH pW FDQ EH TXLWH UHDVRQDEOH ZKLOH WKH RXW RI

VDPSOH SURSHUWLHV DUH TXLWH EDG�

7KLUG� DOO PHWKRGV WHQG WR PLVSULFH ERQGV ZLWK PDWXULWLHV LQ WKH ��� WR ���\HDU UHJLRQ�

DOWKRXJK WKH ZRUVW FDVHV RFFXU ZKHQ VSOLQLQJ r��� DQG C��� ZLWK p[HG NQRW SRLQW VSHFLpFD�

WLRQV� 7KH pQDO SURSHUW\ FRPPRQ WR DOO VLPXODWLRQV LV WKH ZLGHQLQJ RI WKH VWDQGDUG HUURU

EDQGV DV PDWXULW\ LQFUHDVHV� 7KH SUHFLVLRQ RI WKH HVWLPDWHV WHQGV WR GURS Ro GUDPDWLFDOO\

LQ WKH WKLUW\ \HDU UHJLRQ� %HORZ� ZH GLVFXVV WKH UHVXOWV IRU HDFK IXQFWLRQDO IRUP LQ PRUH

GHWDLO�

����� 6LPXODWLRQ UHVXOWV IRU I����

7DEOH � SUHVHQWV WKH UHVXOWLQJ YDOXHV IRU WKH WHVW VWDWLVWLFV ZKHQ WKH WUXH IRUZDUG UDWH

IXQFWLRQ LV I����� D SHUIHFWO\ qDW WHUP VWUXFWXUH� 1RWLFH WKDW ZKHQ SODFLQJ WKH VSOLQH RQ

r���� *&9 \LHOGV ���� HoHFWLYH SDUDPHWHUV ZKLOH SODFHPHQW RQ C��� DQG I��� UHVXOWV LQ ���

��



DQG ��� HoHFWLYH SDUDPHWHUV� UHVSHFWLYHO\� 7KH WUXH IXQFWLRQ FRQWDLQV RQO\ � IUHH SDUDPHWHU

VR WKDW *&9 DFWXDOO\ FKRRVHV WKH ?FRUUHFW� QXPEHU RI SDUDPHWHUV ZKHQ WKH VSOLQH LV SODFHG

RQ C������ 7KH RYHU^SDUDPHWHUL]DWLRQ LQ WKH FDVH RI VSOLQLQJ r��� UHVXOWV LQ IRUZDUG ,0$(

DQG ]HUR ,0$( YDOXHV ZKLFK DUH VXEVWDQWLDOO\ JUHDWHU WKDQ WKH ]HUR YDOXHV DVVRFLDWHG ZLWK

VSOLQLQJ C��� DQG I���� $OO PHWKRGV� ZLWK WKH H[SHFWDWLRQ RI VSOLQLQJ r��� ZLWK � NQRW

SRLQWV� UHVXOW LQ DERXW WKH VDPH DYHUDJH DEVROXWH SULFLQJ HUURU�

7XUQLQJ WR WKH ELDVHV DQG VWDQGDUG HUURUV� DOO PHWKRGV SURGXFH ORZ ]HUR UDWH ELDVHV DQG

VWDQGDUG HUURUV LQ WKH �� WR ���\HDU UHJLRQ� )RU WKH ���\HDU UHJLRQ� WKH SRWHQWLDO LQDFFXUDFLHV

EHFRPH PRUH VHULRXV ZLWK WKH DQ ���� EDVLV SRLQW ELDV ZKHQ VSOLQLQJ r��� ZLWK � NQRWV DQG

D ��� EDVLV SRLQW VWDQGDUG HUURUV ZKHQ VSOLQLQJ I��� ZLWK �� NQRWV� )RU WKH IRUZDUG UDWHV�

VSOLQLQJ C��� DQG I��� ZLWK *&9 UHVXOWV LQ HVVHQWLDOO\ XQELDVHG HVWLPDWHV WKURXJKRXW WKH

HQWLUH FXUYH DQG VWDQGDUG HUURUV RI QR PRUH WKDQ DERXW � EDVLV SRLQW� 6SOLQLQJ r��� ZLWK DQ\

SDUDPHWHUL]DWLRQ FRQWLQXHV WR SURGXFH ELDVHG HVWLPDWHV ZLWK IDLUO\ ODUJH VWDQGDUG HUURUV�

)LQDOO\� ORRNLQJ WKH SULFLQJ HUURUV IRU V\QWKHWLF VHFXULWLHV� XVLQJ *&9 DQG SODFLQJ WKH

VSOLQH RQ HLWKHU C��� RU I��� SURGXFHV DFFXUDWH UHVXOWV� HYHQ LQ WKH ��� WR ���\HDU UHJLRQ

ZKHUH WKHUH LV YLUWXDOO\ QR GDWD� 2Q WKH RWKHU KDQG� SODFLQJ WKH VSOLQH RQ r��� \LHOGV

UHODWLYHO\ SRRU HVWLPDWHV� HVSHFLDOO\ ZLWK RQO\ D IHZ SDUDPHWHUV�

����� 6LPXODWLRQ UHVXOWV IRU I����

,Q WKLV FDVH VSOLQLQJ I��� ZLWK *&9 UHVXOWV LQ � HoHFWLYH SDUDPHWHUV� WKH DFWXDO QXP�

EHU RI IUHH SDUDPHWHUV LQ I����� ZKLOH VSOLQLQJ r��� RU C��� ZLWK *&9 UHVXOWV LQ DQ RYHU�

SDUDPHWHUL]DWLRQ� $JDLQ� WKH DYHUDJH DEVROXWH SULFLQJ HUURUV DUH YLUWXDOO\ WKH VDPH DFURVV

DOO PHWKRGV� LQGLFDWLQJ DJDLQ WKDW WKLV WHVW VWDWLVWLF LV QRW YHU\ XVHIXO IRU GLVWLQJXLVKLQJ WKH

TXDOLW\ RI WKH DOWHUQDWLYH PHWKRGV� $OVR� WKH ,0$( YDOXHV DUH DOO VWLOO TXLWH ORZ� ZLWK WKH

EHVW UHVXOWV RFFXULQJ ZKHQ VSOLQLQJ I��� ZLWK *&9 DQG WKH ZRUVW UHVXOWV IRU VSOLQLQJ r���

ZLWK HLWKHU � NQRWV RU *&9�

7KH ]HUR UDWH ELDVHV DQG VWDQGDUG HUURUV DUH DJDLQ UDWKHU VPDOO IRU DOO PHWKRGV FRQVLG�

�� 8 QUH VWULF WH G *& 9 LV F R QVWUD LQH G WR SLF N D W OH D VW � H oH F WLY H SD UD PH WH UV� 7 KH UH VWULF WLR Q LPSR VH G R Q
*& 9 H VWLPD WR U IR U C��� UH GXF H V WKH PLQLPXP WR � � 6H H WKH $ SSH QGLF H V�

��



HUHG� KRZHYHU WKH\ FRQWLQXH WR EHFRPH PDJQLpHG DW WKH ���\HDU UHJLRQ H[FHSW ZKHQ VSOLQLQJ

I��� ZLWK *&9� $V IRU WKH IRUZDUG UDWH ELDVHV DQG VWDQGDUG HUURUV� WKHUH H[LVWV D PXFK

JUHDWHU SRWHQWLDO IRU LQDFFXUDFLHV� :LWK � NQRW SRLQWV DOO SODFHPHQWV UHVXOW LQ VHULRXVO\

EDVHG HVWLPDWRUV IRU WKH ���\HDU UDWH� EHWZHHQ �� DQG ��� EDVLV SRLQWV� ZLWK VWDQGDUG HU�

URUV EHWZHHQ �� DQG �� EDVLV SRLQWV� 7KH UHVXOWV DUH EHWWHU ZLWK WKH IRXU NQRW VSHFLpFDWLRQ�

EXW LQFUHDVLQJ WKH QXPEHU RI NQRWV WR HLJKW UHVXOWV LQ VLJQLpFDQW ELDV DQG VWDQGDUG HUURUV�

:LWK *&9� SODFHPHQW RI WKH VSOLQH RQ r��� RU C��� FDXVHV RQO\ PRGHUDWH ELDVHV LQ WKH � WR

���\HDU UHJLRQ� EXW VXEVWDQWLDO ELDVHV LQ WKH ���\HDU UHJLRQ� 6SOLQLQJ I��� ZLWK *&9 SUR�

GXFHV WKH PRVW DFFXUDWH UHVXOWV ZLWK YLUWXDOO\ QR ELDV DQ\ZKHUH RQ WKH FXUYH� DQG VWDQGDUG

HUURUV ZHOO XQGHU D EDVLV SRLQW�

7KH SULFLQJ RI V\QWKHWLF VHFXULWLHV \LHOGV SUHGLFWDEOH UHVXOWV� 6SOLQLQJ I��� ZLWK *&9

SURGXFHV WKH PRVW GHSHQGDEOH SULFLQJ IRU DOO PDWXULWLHV� ZKLOH WKH RWKHU PHWKRGV GR UHD�

VRQDEO\ ZHOO H[FHSW LQ WKH ���\HDU UHJLRQ�

����� 6LPXODWLRQ UHVXOWV IRU I����

7KH IXQFWLRQ I���� KDV WKH FKDUDFWHULVWLF XSZDUG VORSH LQ WKH VKRUWHU PDWXULWLHV IROORZHG

E\ D GRZQZDUG VORSH LQ WKH ORQJHU PDWXULWLHV� EXW LW LV VWLOO D UHODWLYHO\ VLPSOH IXQFWLRQDO

IRUP� :H FRQVLGHU D PRUH FRPSOLFDWHG IRUP LQ WKH pQDO VXEVHFWLRQ�

+HUH� DOO *&9 PHWKRGV \LHOG RYHU�SDUDPHWHUL]DWLRQV� KRZHYHU� SODFLQJ WKH VSOLQH RQ I���

LV WKH PRVW SDUVLPRQLRXV� $JDLQ� WKH SULFLQJ HUURUV DUH DSSUR[LPDWHO\ WKH VDPH H[FHSW IRU

VSOLQLQJ r��� ZLWK � NQRW SRLQWV� /RRNLQJ DW WKH ,0$( YDOXHV� WKH EHVW UHVXOWV FRPH IURP D

VSOLQH SODFHPHQW RQ HLWKHU C��� RU I��� DQG FKRRVLQJ � NQRW SRLQWV� )RU WKH *&9 PHWKRGV�

SODFHPHQW RQ I��� \LHOGV WKH EHVW UHVXOWV� KRZHYHU� DOO WKH *&9 PHWKRGV SURGXFH VXEVWDQ�

WLDOO\ LQIHULRU UHVXOWV WR WKH ORZ NQRW VSHFLpFDWLRQV� )RU DOO SDUDPHWHUL]DWLRQV� SODFLQJ WKH

VSOLQH RQ r��� FRQWLQXHV WR \LHOG SRRU ,0$( YDOXHV�

7KH ELDVHV DQG VWDQGDUG HUURUV IRU WKH ]HUR FRXSRQ UDWHV DUH RQFH DJDLQ TXLWH VPDOO LQ

WKH �� WR ���\HDU UHJLRQ ZLWK EHVW SHUIRUPDQFH IRU WKH p[HG NQRW SDUDPHWHUL]DWLRQV ZLWK

WKH VSOLQH RQ HLWKHU C��� RU I���� 7KH VDPH LV WUXH IRU WKH IRUZDUG UDWH ELDVHV DQG VWDQGDUG

HUURUV ZLWK VRPH IDLUO\ ODUJH ELDVHV LQ DOO WKH *&9 PHWKRGV�

��



)LQDOO\� WKH DYHUDJH DEVROXWH SULFLQJ HUURUV DUH PRVW SURQRXQFHG LQ WKH �� WR ���\HDU

UHJLRQ DQG WKH ���\HDU UHJLRQ�

����� 6LPXODWLRQ UHVXOWV IRU I����

7KH ODVW IXQFWLRQDO IRUP XQGHU FRQVLGHUDWLRQ SURGXFHV D IRUZDUG UDWH IXQFWLRQ WKDW LV W\SLFDO

RI WKH VKDSHV LQ UHFHQW GDWD� ,Q H[SHFWDWLRQ_ZLWK DOO WKH WZLVWV DQG WXUQV_LW VKRXOG EH

GLrFXOW IRU WKH XQGHU SDUDPHWHUL]HG PHWKRGV DQG WKH PLVVSHFLpHG IXQFWLRQDO IRUPV WR

SURGXFH UHDVRQDEOH pWV� +HUH LV ZKHUH ZH H[SHFW *&9 WR IXOO\ SDUDPHWHUL]H WKH FXUYH DQG

SURGXFH D GHSHQGDEOH HVWLPDWH�

1RWLFH pUVW WKDW WKH *&9 PHWKRGV FKRRVH EHWZHHQ DSSUR[LPDWHO\ �� DQG �� SDUDPHWHUV

GHSHQGLQJ RQ WKH SODFHPHQW� $OVR� WKH DYHUDJH DEVROXWH SULFLQJ HUURUV DUH QRZ VXEVWDQ�

WLDOO\ KLJKHU IRU DOO WKH p[HG NQRW SRLQW VSHFLpFDWLRQV WKDQ IRU DQ\ RI WKH *&9 PHWKRGV�

7KLV LQGLFDWHV WKDW WKH SDUVLPRQLRXV p[HG NQRW VSHFLpFDWLRQV VLPSO\ GR QRW KDYH HQRXJK

GHJUHHV RI IUHHGRP WR DFFXUDWHO\ SULFH WKH VHFXULWLHV LQ WKLV FDVH� 3UREOHPV ZLWK p[HG NQRW

VSHFLpFDWLRQV FDUU\ RYHU WR WKH ,0$( YDOXHV� +HUH� *&9 SURGXFHV WKH ORZHVW HUURUV DQG

SODFLQJ WKH VSOLQH RQ I��� JLYHV WKH PRVW DFFXUDWH IRUZDUG UDWH SUHGLFWLRQV ZKLOH SODFLQJ

WKH VSOLQH RQ C��� JLYHV WKH PRVW DFFXUDWH ]HUR UDWH SUHGLFWLRQV�

,Q JHQHUDO� WKH ]HUR DQG IRUZDUG UDWH ELDVHV IRU WKH p[HG NQRW VSHFLpFDWLRQV DUH KLJKHU

WKDQ WKH ELDVHV DVVRFLDWHG ZLWK *&9� KRZHYHU� WKHUH DUH VRPH H[FHSWLRQV��� 7KH VLQJOH NQRW

SRLQW SDUDPHWHUL]DWLRQV VLPSO\ GR KDYH HQRXJK qH[LELOLW\ WR FDSWXUH DOO WKH PRYHPHQWV LQ

WKH XQGHUO\LQJ IXQFWLRQV� KHQFH� HDFK SURGXFHV ERWK KHDYLO\ ELDVHG ]HUR DQG IRUZDUG UDWH

HVWLPDWHV� 7KH OHVV SDUVLPRQLRXV p[HG NQRW VSHFLpFDWLRQV \LHOG OHVV ELDVHG UHVXOWV LQ WKH �

WR ���\HDU UHJLRQ� EXW EHFRPH TXLWH HUUDWLF LQ WKH �� \HDU UHJLRQ ZKHUH IRUZDUG UDWH ELDVHV

YDU\ EHWZHHQ ��� DQG ��� EDVLV SRLQWV� 3ODFLQJ WKH VSOLQH RQ I��� DQG XVLQJ *&9 FRQWLQXHV

WR SURYLGH DQ HVWLPDWH ZKLFK JLYHV WKH OHDVW ELDVHG UHVXOWV�

$OO PHWKRGV KDYH WURXEOH SULFLQJ D ���\HDU VHFXULW\� ZLWK WKH DYHUDJH HUURU EHWZHHQ �����

�� 7 KH � � �\ H D U IR UZ D UG UD WH ELD V IR U VSOLQLQJ I��� Z LWK *& 9 KD V D UH PD UN D EO\ OR Z ELD V D QG VWD QGD UG H UUR U�
EXW LQ WKH � � D QG � �\ H D U LW SUR GXF H V D WKLUW\ ED VLV SR LQW ELD V Z KLOH LQ WKH � � �\ H D U UH J LR Q WKH ELD V LV � � ED VLV
SR LQWV�

��



DQG ����� SHU RQH KXQGUHG GROODUV RI IDFH YDOXH� )RU WKH ���\HDU� WKH SUREOHPV DUH OHVV VHYHUH

EXW DUH VWLOO TXLWH VLJQLpFDQW LQ WKH p[HG NQRW SRLQW VSHFLpFDWLRQV� 7URXEOH ZLWK WKH ���\HDU

VHFXULW\ DOVR DULVHV LQ FDVHV ZKHUH WKH VSOLQH LV SODFHG RQ r��� RU C���� 7KH PRVW DFFXUDWH

SULFLQJ WHQGV WR FRPH IURP VSOLQLQJ HLWKHU I��� RU C��� ZLWK *&9� ,Q HYHU\ FDVH H[FHSW WKH

���\HDU� WKHVH PHWKRGV SURGXFH RQH RI WKH ORZHVW SULFLQJ HUURUV� DQG LQ JHQHUDO DUH TXLWH

FORVH WR WKH ORZHVW HUURU� 7KH RWKHU PHWKRGV� ZKLFK RQO\ SURGXFH UHDVRQDEOH HVWLPDWHV LQ

RQO\ RQH RU WZR FDVHV �DV ZLWK VSOLQLQJ r��� ZLWK � NQRWV DW WKH ���\HDU PDWXULW\�� WHQG WR

EH PXFK PRUH HUUDWLF�

)LQDOO\� IRU WKLV IXQFWLRQDO IRUP ZH SUHVHQW SORWV RI WKH DFWXDO ]HUR FRXSRQ DQG LPSOLHG

IRUZDUG UDWH FXUYHV DORQJ ZLWK WKH DYHUDJH SRLQW HVWLPDWHV DQG VWDQGDUG HUURU EDQGV IRU

HDFK RI WKH PHWKRGV� 7KH UHVXOWV DUH FRQWDLQHG LQ )LJXUHV � DQG �� 7KH pJXUHV JLYH VRPH

LGHD RI WKH FKDUDFWHU RI WKH HVWLPDWHG FXUYHV DFURVV WKH YDULRXV PHWKRGV� )RU LQVWDQFH� LQ

WKH XSSHU ULJKW SDQHO RI )LJXUH �_WKH FDVH RI VSOLQLQJ r��� ZLWK � NQRWV_ORQJ PDWXULW\

IRUZDUG UDWHV GURS WR QHDUO\ b�� SHUFHQW DQG FRPSOHWHO\ PLVV WKH FXUYH DIWHU WKH pYH \HDU
KRUL]RQ� 6SOLQLQJ I��� ZLWK *&9 WHQGV WR IROORZ DORQJ ZLWK WKH FXUYH HYHU\ZKHUH H[FHSW

LQ WKH DUHD ZLWK QR GDWD� ZKLOH VSOLQLQJ C��� ZLWK *&9 FUHDWHV DQ DUWLpFLDO qDWWHQLQJ RXW RI

WKH IRUZDUG UDWH IXQFWLRQ DQG VSOLQLQJ r��� ZLWK *&9 SURGXFHV DQ XSZDUG VORSLQJ IRUZDUG

UDWH IXQFWLRQ DW WKH ���\HDU PDWXULW\� 2YHUDOO� VSOLQLQJ I��� ZLWK *&9 SURGXFHV WKH PRVW

DFFXUDWH HVWLPDWHV�

� (VWLPDWLRQ UHVXOWV

7KH 0RQWH &DUOR UHVXOWV LQ WKH SUHYLRXV VHFWLRQ VXJJHVW WKDW p[HG NQRW SRLQW VSHFLpFDWLRQV�

ZKLOH DFFXUDWH LQ VRPH FDVHV� DUH QRW qH[LEOH HQRXJK pW VLPSOH DV ZHOO DV FRPSOLFDWHG IXQF�

WLRQDO IRUPV� :LWK PDQ\ NQRWV� WKH SRWHQWLDO IRU RYHU�SDUDPHWHUL]DWLRQ JHQHUDWHV VSXULRXV

PRYHPHQWV LQ WKH HVWLPDWHG IXQFWLRQDO IRUPV� ZKLOH ZLWK IHZ NQRWV WKH SRWHQWLDO IRU XQGHU�

SDUDPHWHUL]DWLRQ FUHDWHV DQ LQDFFXUDWH pW WR DOO WKH WZLVWV DQG WXUQV� 7KH HVWLPDWLRQV XVLQJ

*&9 SURYLGH EHWWHU UHVXOWV DFURVV DOO W\SHV RI IXQFWLRQDO IRUPV� DQG KHQFH LQ WKLV VHFWLRQ

ZH RQO\ IRFXV RQ WKH WKRVH PHWKRGV�

��



8VLQJ GDLO\ GDWD IURP 'HFHPEHU RI ���� XQWLO 6HSWHPEHU RI ���� ZH FRQVWUXFW *&9

EDVHG HVWLPDWHV RI WKH WHUP VWUXFWXUH ZLWK VSOLQH SODFHPHQWV RQ r���� C���� DQG I���� 2Q

HDFK GD\ ZH XVH DOO FRXSRQ EHDULQJ 7UHDVXU\ VHFXULWLHV ZKLFK DUH QRQ�FDOODEOH� QRW qRZHU

ERQGV DQG KDYH PRUH WKDQ WKLUW\ GD\V WR PDWXULW\� 7KH QXPEHU RI ERQGV LQ WKH VDPSOH

YDULHV IURP ��� LQ 'HFHPEHU ���� WR ��� LQ 6HSWHPEHU ����� $V FDQ EH VHHQ LQ WKH XSSHU

OHIW SDQHO RI )LJXUH �� WKHUH H[LVWV D JDS RI DFFHSWDEOH ERQGV PDWXULQJ EHWZHHQ \HDUV ��

DQG ��� +RZHYHU� DFURVV WKH UHPDLQGHU RI WKH PDWXULW\ VSHFWUXP� WKHUH LV D IDLUO\ HYHQ

GLVWULEXWLRQ RI VHFXULWLHV�

)RU DQ LQLWLDO FRPSDULVRQ� ZH SUHVHQW WKH pWWHG ]HUR�FRXSRQ DQG IRUZDUG UDWH FXUYHV IRU

DOO WKUHH PHWKRGV LQ WKH UHPDLQLQJ SDQHOV RI )LJXUH �� $OO PHWKRGV SURGXFH VLPLODU ]HUR�

FRXSRQ DQG IRUZDUG UDWH VWUXFWXUHV WKURXJK WKH pUVW pYH \HDUV� KRZHYHU� ZKHQ VSOLQLQJ r���

DQG C��� WKH IRUZDUG UDWHV PRYH PRUH DEUXSWO\ LQ WKH ���\HDU DQG LQ WKH ��� WR ���\HDU

DUHDV� ,Q DGGLWLRQ� ZKHQ VSOLQLQJ r��� DQG C���� WKH IRUZDUG UDWHV WHQG WR qDWWHQ RXW LQ WKH

���\HDU UHJLRQ� ZKLFK� EDVHG XSRQ WKH UHVXOWV LQ 6HFWLRQ �� SUREDEO\ UHqHFWV ELDV� ,Q HYHU\

VLPXODWLRQ LQ ZKLFK WKH IRUZDUG UDWHV ZHUH QRW qDW� SODFLQJ WKH VSOLQH RQ C��� JHQHUDWHG

ELDV LQ WKH ���\HDU UHJLRQ��� ,Q HYHU\ VLPXODWLRQ� SODFLQJ WKH VSOLQH RQ r��� FUHDWHG ELDV LQ

WKH ���\HDU UHJLRQ� ,Q DOO OLNHOLKRRG� WKH WZR ERWWRP SDQHOV RI )LJXUH � SURGXFH PLVOHDGLQJ

UHVXOWV LQ ORQJ HQG RI WKH \LHOG FXUYH�

/RRNLQJ QRZ DW WKH HVWLPDWLRQ UHVXOWV DFURVV WKH HQWLUH VDPSOH� )LJXUH � JLYHV WKH

DYHUDJH DEVROXWH SULFLQJ HUURU� WKH HoHFWLYH QXPEHU RI SDUDPHWHUV DQG WKH YDOXH RI y DFURVV

HDFK PHWKRG IRU HDFK GD\� &OHDUO\� IURP WKH WRS SDQHO� WKH DYHUDJH DEVROXWH SULFLQJ HUURUV

DUH YLUWXDOO\ LQGLVWLQJXLVKDEOH DFURVV PHWKRGV� $V QRWHG LQ 6HFWLRQ �� DYHUDJH DEVROXWH

SULFLQJ HUURUV DUH QRW YHU\ XVHIXO LQ FRPSDULQJ DOWHUQDWLYH PHWKRGV� 1RWLFH� KRZHYHU� WKDW

SULFLQJ KDV WHQGHG WR EHFRPH PRUH DFFXUDWH WKURXJK WLPH� 7XUQLQJ WR WKH HoHFWLYH QXPEHU

SDUDPHWHUV� WKH PLGGOH SDQHO RI )LJXUH � LQGLFDWHV WKDW H[FHSW IRU HDUO\ ���� DQG HDUO\ ����

SODFLQJ WKH VSOLQH RQ r��� WHQGV WR JHQHUDWH WKH JUHDWHVW QXPEHU RI HoHFWLYH SDUDPHWHUV ZKLOH

��5H F D OO WKD W Z KH Q SH QD OL] LQJ PR Y H PH QWV LQ WKH VT XD UH G VH F R QG GH ULY D WLY H R I WKH OR J D ULWKP R I WKH GLVF R XQW
IXQF WLR Q� Z H D UH H oH F WLY H O\ SH QD OL] LQJ GH Y LD WLR QV LQ WKH IR UZ D UG UD WH V IUR P ] H UR VOR SH � 7 KXV LQ UH J LR QV Z LWK
OLWWOH GD WD WKLV F UH D WH V D WH QGH QF \ WR SUR GXF H D qD W IR UZ D UG UD WH IXQF WLR Q�

��



SODFLQJ WKH VSOLQH RQ I��� UHVXOWV LQ WKH OHDVW� ,QWHUHVWLQJO\� SODFLQJ WKH VSOLQH RQ C��� DQG

I��� SURGXFHV D YHU\ SDUVLPRQLRXV VSHFLpFDWLRQ �RQO\ � WR � HoHFWLYH SDUDPHWHUV LQ VRPH

FDVHV� LQ PLG WR ODWH ����� SUHFLVHO\ ZKHQ WKH \LHOG FXUYH ZDV YLUWXDOO\ qDW� $V WKH \LHOG

FXUYHG EHJDQ WR VWHHSHQ LQ HDUO\ ���� DQG WKURXJK ���� WKH HoHFWLYH QXPEHU RI SDUDPHWHUV

EHJDQ WR LQFUHDVH� VLJQLI\LQJ D PRUH FRPSOLFDWHG WHUP VWUXFWXUH� 7KH ERWWRP SDQHO JLYHV

WKH YDOXHV RI WKH y WKURXJK WLPH� 1DWXUDOO\� y PRYHV LQYHUVHO\ WR WKH HoHFWLYH QXPEHU RI

SDUDPHWHUV DQG WKHUH D VL]HDEOH GLoHUHQWLDO LQ WKH PDJQLWXGH ZKHQ VSOLQLQJ I����

)LQDOO\� ZH SUHVHQW WKH HYROXWLRQ RI WKH LPSOLHG IRUZDUG UDWHV WKURXJK WLPH IRU HDFK

PHWKRG E\ IRFXVLQJ RQO\ RQ WKH HQG RI PRQWK YDOXHV� )LJXUHV �� � DQG � VKRZ WKH WLPH

VHULHV RI IRUZDUG UDWHV ZKHQ VSOLQLQJ I���� C��� DQG r���� UHVSHFWLYHO\� )URP )LJXUH � ZH

FDQ FOHDUO\ VHH WKH GRZQZDUG VORSLQJ WHUP VWUXFWXUH LQ PLG ���� IROORZHG E\ D JUDGXDO GURS

LQ VKRUW WHUP UDWHV VWDUWLQJ LQ PLG ����� 0RVW VXUSULVLQJ LV WKH GRZQZDUG VORSLQJ IRUZDUG

UDWH VWUXFWXUH ZKLFK EHJLQV WR HPHUJH SUHFLVHO\ ZKHQ VKRUW WHUP UDWHV EHJLQ WR GURS� 7KH

HQRUPRXV GURS RI QHDUO\ � SHUFHQWDJH SRLQWV EHWZHHQ WKH ��� DQG ���\HDU PDWXULWLHV VLQFH

HDUO\ ���� KDV EHHQ RQH RI VR�FDOOHG SUREOHPV ZLWK VSOLQH EDVHG PHWKRGV� 7\SLFDOO\� IRUZDUG

UDWHV DUH FRQVLGHUHG LQGLFDWRUV RI H[SHFWHG IXWXUH VSRW UDWHV DQG KHQFH D � SHUFHQWDJH GURS

LQ ?H[SHFWDWLRQV� EHWZHHQ WKH �� DQG �� \HDU PDWXULWLHV VHHPV KLJKO\ XQOLNHO\� +RZHYHU�

UHFHQW ZRUN E\ %URZQ DQG 6FKDIHU ������ DQG *LOOHV ������ KDV VKRZQ WKDW WKLV LV SUHFLVHO\

ZKDW RQH ZRXOG H[SHFW IURP IRUZDUG UDWHV GXH WR WKH FRQYH[LW\ ELDV� %DVLFDOO\� IRUZDUG

UDWHV DUH D FRPELQDWLRQ RI H[SHFWHG IXWXUH VSRW UDWHV� D ULVN SUHPLXP DQG D FRUUHFWLRQ

IRU FRQYH[LW\� 7KH FRQYH[LW\ WHUP YDULHV ZLWK WKH VTXDUH RI PDWXULW\ DQG KHQFH DW ORQJ

PDWXULWLHV FDQ EHFRPH TXLWH ODUJH_HYHQ � SHUFHQWDJH SRLQWV� 0RUH XQVHWWOLQJ WKDQ WKLV

H[WUHPH GURS LQ IRUZDUG UDWHV LQ WKH ODFN RI D GURS LQ WKH HDUOLHU WLPH SHULRGV DV ZHOO DV WKH

UHPDUNDEO\ qDW ORQJ WHUP IRUZDUG UDWHV WKURXJKRXW WKH HQWLUH VDPSOH ZKHQ VSOLQLQJ C��� LQ

)LJXUH �� %DVHG RQ WKH 0RQWH &DUOR UHVXOWV D JRRG DPRXQW RI WKLV qDWWHQLQJ FRXOG HDVLO\

EH DUWLpFLDO ELDV� 7KH VDPH KROGV WUXH LQ )LJXUH � ZKHQ VSOLQLQJ r���� :LWK WKLV WHFKQLTXH�

WKH IRUZDUG UDWHV DFWXDOO\ WHQG WR LQFUHDVH DW WKH HQG� ,Q JHQHUDO� WKH EHKDYLRU RI WKH ORQJ

PDWXULW\ IRUZDUG UDWHV DQG WKH UHVXOWV IURP WKH SUHYLRXV VHFWLRQ VXJJHVW WKDW VSOLQLQJ I���

ZLWK *&9 SURGXFHV WKH OHDVW ELDVHG DQG PRVW DFFXUDWH HVWLPDWHV�
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� &RQFOXVLRQ

:H KDYH VKRZQ KRZ WR pW VPRRWKLQJ VSOLQHV� ZKLFK LQFRUSRUDWH D SHQDOW\ IRU URXJKQHVV�

WR DQ DUELWUDU\ WUDQVIRUPDWLRQ RI WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV� DQG ZH KDYH VKRZQ

KRZ WR FKRRVH WKH VL]H RI WKH SHQDOW\ �DQG KHQFH WKH HoHFWLYH QXPEHU RI SDUDPHWHUV� E\

PLQLPL]LQJ WKH JHQHUDOL]HG FURVV YDOLGDWLRQ �*&9� YDOXH� 2XU 0RQWH &DUOR VLPXODWLRQV

LQGLFDWH WKDW pWWLQJ D VPRRWKLQJ VSOLQH WR WKH LQVWDQWDQHRXV IRUZDUG UDWH FXUYH DQG XVLQJ

*&9 WR SLFN SHQDOW\ SURYLGHV WKH EHVW HVWLPDWRU RI WKH RQHV ZH H[DPLQHG� :H HVWLPDWHG

GDLO\ 7UHDVXU\ \LHOG FXUYHV ZLWK VHYHQ \HDUV RI GDWD XVLQJ RXU WHFKQLTXHV DQG pQG WKH UHVXOWV

UHDVRQDEOH LQ OLJKW RI pQDQFLDO WKHRU\�
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$SSHQGLFHV

$ ,PSRVLQJ WKH UHVWULFWLRQ rV��� p�  �

6LQFH WKH YDOXH RI D GROODU WRGD\ LV D GROODU� r���  �� &RQVLGHU LPSRVLQJ WKH UHVWULFWLRQ

rV��� p�  � RQ WKH HVWLPDWHG VSOLQH� 7KH FRQWHQW RI WKH UHVWULFWLRQ GHSHQGV RQ WKH IXQFWLRQDO

IRUP FKRVHQ IRU WKH VSOLQH� K���� :KHQ K���  r���� rV��� p�  ����p  p�� VLQFH ����  

��� �� c c c � ��� 7KXV WKH UHVWULFWLRQ DPRXQWV WR p�  �� :KHQ K���  C���� WKH UHVWULFWLRQ LV

rV��� p�  H[S�����p�  H[S�p��� ,Q WKLV FDVH WKH UHVWULFWLRQ DPRXQWV WR p�  �� )LQDOO\�

ZKHQ K���  I���� rV��� p�  H[S�b����p�  � UHJDUGOHVV RI WKH YDOXH RI p� VLQFH ����  

��� �� c c c � ��� ,Q WKLV FDVH� WKH UHVWULFWLRQ LV DXWRPDWLFDOO\ VDWLVpHG�
/LQHDU UHVWULFWLRQV RQ WKH FRHrFLHQW YHFWRU p DUH W\SLFDOO\ H[SUHVVHG DV 5p  U� )RU

WKH VLQJOH UHVWULFWLRQ KHUH� 5 LV WKH URZ YHFWRU ��� �� c c c � �� RI OHQJWK N DQG HLWKHU U  � RU

U  �� )RU RXU SXUSRVHV� LW LV FRQYHQLHQW ZULWH p LQ WHUPV RI p\  �p�� p�� c c c � pN�� ZKHUH
WKH GDJJHU LQGLFDWHV WKDW WKH pUVW HOHPHQW KDV EHHQ GURSSHG� ,Q SDUWLFXODU� p  � � ~p\�

ZKHUH �  �U� �� c c c � ��! LV D YHFWRU RI OHQJWK x DQG ~ LV D xd �xb �� PDWUL[� 7KH pUVW URZ
RI ~ LV ��� �� c c c � �� DQG WKH UHPDLQLQJ URZV IRUP D xb � RUGHU LGHQWLW\ PDWUL[�
1RZ ZH FDQ LPSRVH WKH UHVWULFWLRQ RQ WKH PLQLPL]DWLRQ SUREOHP E\ VXEVWLWXWLQJ ��~p\

IRU p���

PLQ
p\

xt
< b; �� � ~p\�

u!t
< b; �� � ~p\�

u
� y�� � ~p\�!+�� � ~p\�

y
 PLQ

p\

K
�< \ b;\p\�!�< \ b;\p\� � y�� � ~p\�!+�� � ~p\�
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�

ZKHUH < \  < b;� DQG ;\  ;~� 7KH VROXWLRQ WR WKLV SUREOHP LV

Ep\  �;\!;\ � y+\�b��;\!< \ b y~!+ ��� �$���

ZKHUH +\  ~!+~� $V ORQJ DV HLWKHU y  � RU U  ���� �$��� KDV WKH VDPH IRUP DV ���� DQG

�� 7 KH GH SH QGH QF H R I ; R Q p D QG R I p R Q y KD V EH H Q VXSSUH VVH G LQ WKLV D SSH QGL[ IR U QR WD WLR QD O VLPSOLF LW\ �
��:KH Q U  � � �  �� � � � c c c � � ��
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WKH VROXWLRQ WHFKQLTXHV GHVFULEHG LQ WKH ERG\ RI WKH SDSHU FDQ EH DSSOLHG� 7KH RQO\ FDVH

WKDW UHTXLUHV VSHFLDO WUHDWPHQW LV pWWLQJ D VPRRWKLQJ VSOLQH RQ K���  r���� ,Q WKDW FDVH�

U  � DQG y � ����

% 6LPSOLpFDWLRQV IRU WU�$�y�� DQG q�y�

,Q WKLV DSSHQGL[� ZH pUVW GHULYH D VLPSOLpHG H[SUHVVLRQ IRU WU�$�y��� WKH HoHFWLYH QXPEHU

RI SDUDPHWHUV� DQG WKHQ ZH GHULYH DQ DOJHEUDLF VLPSOLpFDWLRQ IRU q�y����

/HWWLQJ 9 � �;!;�b
�
� ZH FDQ ZULWH

;!; � y+  9 b� � y+

 9 b��, � y9 + 9 �9 b�

 9 b��, � y8 '8!�9 b�

 9 b�8�, � y'�8!9 b�� �%���

ZKHUH 8 '8! LV WKH VLQJXODU YDOXH GHFRPSRVLWLRQ RI 9 + 9 � ' LV D GLDJRQDO PDWUL[ RI

HLJHQYDOXHV� WZR RI ZKLFK DUH ]HUR VLQFH + KDV WZR ]HUR HLJHQYDOXHV DQG 9 LV QRQVLQJXODU�

8VLQJ �%���� ZULWH

�;!; � y+�b�  9 8�, � y'�b�8!9  *�, � y'�b�*!�

ZKHUH * � 9 8 � 1RZ ZH FDQ ZULWH

$�y�  ;*�, � y'�b�*!;!  n�, � y'�b�n!�

��6XSSR VH K���  I��� D QG R QH Z LVKH G WR LPSR VH WKH UH VWULF WLR Q I�� �  I�� 7 KLV D PR XQWV WR WKH UH VWULF WLR Q
p�  I�� D QG �$ �� � D SSOLH V Z LWK �  �I�� � � c c c � � � D QG ~ XQF KD QJ H G�
�� 7 KH GH SH QGH QF H R I ; R Q p KD V EH H Q VXSSUH VVH G LQ WKLV D SSH QGL[ IR U QR WD WLR QD O VLPSOLF LW\ �
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ZKHUH n � ; 9 8 � 1RWLFH WKDW n!n  ,��� 1RZ ZH FDQ ZULWH

WU�$>y@�  WU�n�, � y'�b�n!�  
x;

L �

�

� � y'LL
 w!G�y�� �%���

ZKHUH G�y� � GLDJ�,�y'�b�� WKH YHFWRU FRQVWUXFWHG IURP WKH PDLQ GLDJRQDO RI �,�y'�b��

DQG w � ��� �� c c c � ��� ,Q �%��� ZH FDQ FOHDUO\ VHH WKDW WU�$����  x DQG WU�$����  ��
(TXDWLRQ �%��� FDQ EH XVHG WR VLPSOLI\ WKH GHQRPLQDWRU RI q�y�� :H QRZ WXUQ WR

VLPSOLI\LQJ WKH QXPHUDWRU� 7KH QXPHUDWRU RI q�y�� WKH UHVLGXDO VXP RI VTXDUHV� FDQ EH

ZULWWHQ DV

t
�, b$�y��<

u!t
�, b$�y��<

u
 < !< b �< !$�y�< � < !$�y�!$�y�<

 < !< b �< !n�, � y'�b�n!< � < !n�, � y'�b�n!<

 < !< b ��\��!G�y� � �\��!G�y���

ZKHUH \ � n!< DQG \�  \ \� ZLWK HOHPHQW�E\�HOHPHQW PXOWLSOLFDWLRQ� 7KH FRPSXWDWLRQ�

DOO\ VLPSOLpHG H[SUHVVLRQ IRU *&9 LV�

q�y�  
< !< b ��\��!G�y� � �\��!G�y��

�Qb w!G�y���
� �%���

:KHQ WKHUH LV D UHVWULFWLRQ� WKH UHVLGXDO VXP RI VTXDUHV LV �< \ b;\ Ap\�!�< \ b;\ Ap\��

ZKHUH Ap\ LV JLYHQ LQ �$���� 7KLV LQWURGXFHV DGGLWLRQDO WHUPV LQ WKH QXPHUDWRU� ,Q WKLV FDVH�

WKH FRPSXWDWLRQDOO\ VLPSOLpHG H[SUHVVLRQ RI *&9 LV

q�y�  
�< \�!< \ � ��yK \\ b \\��!G\�y� � �y� K� b �yK \\ � \\��!G\�y��

�Qb w!G\�y���
� �%���

ZKHUH K � 8!9 ~!+ � DQG \\ DQG G\�y� DUH GHpQHG LQ WKH REYLRXV ZD\V� 1RWH WKDW ZKHQ

WKHUH DUH QR UHVWULFWLRQV� K  �� DQG �%��� UHGXFHV WR �%���� )LQDOO\� QRWH WKDW H[SUHVVLRQV

�� $ OVR QR WLF H WKD W n n !< LV WKH 2/6 pW IUR P WKH OLQH D U UH J UH VVLR Q <  ;p � ��

��



�%��� DQG �%��� DUH RQO\ XVHIXO ZKHQ ;_DQG KHQFH '_LV LQGHSHQGHQW RI p� %XW WKLV LV

WUXH RQO\ ZKHQ J�K� c �� �� LV OLQHDU LQ K� c ��

��
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